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Abstract. Training multilayer feedforward neural networks corresponds
to the global minimization of the network error function. To address this
problem we utilize the Snyman and Fatti [1] approach by considering a
system of second order diﬀerential equations of the form, ẍ = −∇E(x),
where x is the vector of network weights and ∇E is the gradient of
the network error function E. Equilibrium points of the above system
of diﬀerential equations correspond to optimizers of the network error
function. The proposed approach is described and experimental results
are discussed.
Keywords: Trajectory Methods, Neural Networks Training, Ordinary
Diﬀerential Equations

1

Introduction

Training multilayer feedforward neural networks is equivalent to the global minimization of the network error function with respect to the weights of the network. Trajectory methods constitute a class of global optimization methods [2].
An important property of these methods is that the generated trajectory passes through the neighborhood of many of the stationary points of the objective
function. The simplest trajectory method is described by means of the following
initial value problem:
ẋ = −∇E(x), x(0) = x0 .
(1)
Trajectory methods can also be viewed, through a mechanical analogy, as an
assignment of mass to a particle moving in a ﬁeld of forces [3,4,5]. Let the mass
of the particle be m(t). Further, assume that the particle is moving in a ﬁeld
of forces deﬁned by the potential E, subject to the dissipative force −n(t)ẋ(t).
Then the trajectory generated by the motion of the particle can be described by
the following system of diﬀerential equations:
m(t) ẍ(t) − n(t) ẋ(t) = −∇E(x(t)),


(2)
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where m(t)  0 and n(t)  0. Under certain conditions, the trajectory can
determine a local minimum of the objective function E. A similar approach has
been proposed in [6], where the motion of a particle with unit mass is described in
a ﬁeld with potential E without friction. We would like to note at this point that
since the system is autonomous an interesting theorem due to Poincaré, which
states that the trajectory passes through the neighborhood of all the stationary
points of E, is applicable [6].
The eﬃcient global optimization methods of Griewank [7] and Snyman and
Fatti [1] can be derived from (2). The method due to Griewank [7] assumes
m(t) = (E(x(t)) − c)/e and n(t) = −∇E(x(t))ẋ(t), where c is the target level, to
be set somewhat higher than the global minimum of the the objective function.
Snyman and Fatti’s method [1] considers the case where m(t) = 1 and n(t) = 0,
i.e. the trajectory is determined by,
ẍ(t) = −∇E(x(t)),

x(0) = x0 ,

ẋ(0) = 0.

The paper is organized as follows: Section 2 presents the proposed class of neural
network training methods; Section 3 is devoted to the presentation of the experimental results; the paper ends with concluding remarks and ideas for future
research in Section 4.

2

The Proposed Method

Through this study each method for the numerical solution of ordinary diﬀerential equations corresponds to a Neural Network training algorithm. In previous
work [8] we investigated the eﬀectiveness of numerical methods for the solution
of ﬁrst order diﬀerential equations (1) on the task of neural network training.
Here we consider the eﬀectiveness of both the formulation and the local minimizer procedure proposed in [1]. Moreover, we propose a simple modiﬁcation
of this local minimizer algorithm which seems to be more eﬃcient in Neural
Network training applications. Our modiﬁcation operates as follows. Following
a trajectory, if the value of the error function decreases, the step of integration
is increased by a factor ζ to speed–up convergence; while, if the ratio of the current function value to the previous function value exceeds a pre–speciﬁed factor,
β > 1, the previously visited point is retained and a new trajectory starts from
it. At the beginning of a new trajectory, the local minimizer procedure requires
a reduction in the function value to render a step–size acceptable; otherwise the
step–size is halved. Our experience indicates that when it holds that,
E(xt+1 )
> β,
E(xt )
xt  is small. Thus, in practice, the condition imposed by the local minimization procedure operates similar to the Armijo line search algorithm [9]. The
modiﬁed local minimization procedure of [1] is presented below in pseudocode.
The proposed modiﬁcations are indicated with the comment Additional Step in
parentheses.
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Modiﬁed Snyman–Fatti Algorithm (MSF)
1. Initial values for parameters α, γ, , km , ∆t, x0 are given. ∆t is the
time step of integration method and x0 is the starting point.
2. Set j ← 0, k ← 0, Ft ← ∞.
3. Set xm ← xk , xs ← xk , xb ← xk and
ẋk ← −∇Fk ∆t/γ, xk+1 ← xk + ẋk ∆t
if Fk+1 < Fk set Fb ← Fk+1 , xb ← xk+1 and goto 4
else set ∆t ← ∆t/2 and goto 3.
4. Set Fs ← Fk , Fm ← Fk .
5. Set xprevk ← xk , (Additional Step)
xk+1 ← xk + ẋk ∆t, t1 ← −ẋTk ∇Fk+1 ,
ẋk+1 ← ẋk − ∇Fk+1 ∆t, k ← k + 1.

6.

7.
8.

9.
10.
11.
12.
13.
14.
15.
16.

3

T = 0.5ẋk 2 ,

if Fk  Es goto 16. (Additional Step)(Es stopping error)
if ∇Fk    goto 6 else if Fk < Fb and Fk  Fm goto 16.
else if Fm < Fb set xb ← xm , xk ← xm and goto 3
else set xk ← xb and goto 3.
if k > km goto 16.
if Fk /Fm > β set xk ← xprevk and goto 3. (Additional Step )
if Fk  Fm set Fm ← Fk , xm ← xk , ẋm ← ẋk
∆t = ∆t ∗ ζ (Additional Step )
if t1 < 0 goto 8 else set j ← 0 and goto 5.
if FT > Fm set FT ← Fm .
if (Fk − FT ) > α(Fs − FT ) goto 9
else if T < (1 − a)(Fs − FT ) goto 9
else set j ← 0 and goto 5.
if Fm < Fb set xb ← xm , Fb ← Fm and goto 10.
else set xb ← xm and continue
Set xk ← 21 (xm + xs ), xs ← xk , xm ← xk , ẋk ← 12 ẋm .
if j ← 0 goto 14.
Set t2 ← −ẋTk ∇Fk .
if t2 < 0 set j ← 0 and goto 3 else ẋk ← ẋk /2j .
j ← j + 1.
if Fb = Fm goto 4 else set ẋm ← 12 ẋm and goto 4
Set xf ← xk , Ff ← F (xf ) and terminate.

Experimental Results

The performance of the proposed method has been compared with that of well–
known and widely used variations of the Backpropagation (BP) method, namely: Backpropagation with Momentum (MBP) [10,11], Second Order Momentum (SMBP) and Adaptive Backpropagation (ABP), using the adaptive scheme
suggested by Vogl [10,12], Parallel Tangents method (PARTAN) [13], Scaled
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Conjugated Gradient(SCG), Resilient Back Propagation [14] (RPROP) and Improved Resilient Back Propagation [15] (iRPROP).
3.1

Description of the Problems

The problems we used were Cancer1, Diabetes1, and Heart1. All three are classiﬁcation problems from the proben1 [16] dataset with ﬁxed training and test
sets. A brief description of each problem follows.
Cancer1: The architecture used was 9–4–2–2. The stopping error criterion
for training was an error goal of 0.05 within 1000 function (including gradient)
evaluations. In the experiments the best results for the methods were given with
the following parameters: For BP the step–size was set to 0.9, for PARTAN it
was 0.9, for MBP and SMBP the step–size was 0.9 and the momentum term was
0.7. For ABP, the error ratio factor was 1.04, the stepsize increment factor was
equal to 1.05, while the stepsize decrease factor was 0.7.
Diabetes1: The architecture used was an 8–2–2–2 feedforward neural network. The stopping error criterion for training was an error goal of 0.15 within
1000 function (also counting gradient) evaluations. In the experiments the best
results for the methods were given with the following parameters: For BP the
step–size was 0.6, for PARTAN it was 0.9, for MBP the step–size was 0.9 and
the momentum term 0.4, for SMBP the stepsize was 0.9 while the momentum
was 0.6. For ABP, the error ratio factor was 1.04, the step–size increment factor
was equal to 1.05 while the step–size decrease factor was 0.7.
Heart1: The architecture used was 35–8–2. The stopping error criterion for
training was an error goal of 0.1 within 1000 function (also counting gradient)
evaluations. The parameter conﬁguration for the previous two problems was also
applied in this case. In the experiments the best results for the methods were
given with the following parameters: For BP the step–size was 0.9, for PARTAN
it was 0.9. For MBP the step–size was 0.9 and the momentum term was 0.6.
For SMBP the step–size was 0.9 and the momentum term was 0.7. For ABP,
the error ratio factor was 1.04, the step–size increment factor was equal to 1.05
while the step–size decrease factor was 0.7.
3.2

Presentation of the Results

The parameter setup for the proposed method was the default setup suggested
in [1]: α = 0.95, γ = 2, ∆t = 2,  = 10−4 , km = 1000. The values of ζ and β,
required for the modiﬁcation of the algorithm, were set to 1.05 and 1.04, respectively. We performed 100 simulations for each problem. The evaluation measures
we used are, the number of successes(suc), the mean, the standard deviation
(stdev), the minimum (min), and the maximum (max), number of function evaluations (also counting gradient evaluations). In addition to the above measures
we computed these statistics for the percentage of misclassiﬁcation on the test
set. Regarding the Cancer1 problem as it is shown in Table 1 the less computationally demanding method is iRPROP. MSF ranked third after iRPROP and
RPROP. In the test set MSF exhibited the second best classiﬁcation error after
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Table 1. Cancer1 problem
Algorithm
BP
MBP
SMBP
ABP
PARTAN
SCG
RPROP
iRPROP
MSF

Mean
583.25
300.79
323.98
74.26
159.12
259.36
16.26
15.25
52.25

Training Set
Test Set
Stdev Max Min Suc. Mean Stdev Max Min
2.2
0.57 3.44 0.57
154.72 1001 347
98
2.01
0.63 3.65 0.57
95.59
664 158 100
2.02
0.60 3.44 0.57
102.93
773 157 100
1.93
0.83 3.44 0.57
8.87
95
63 100
39.99
273
87 100
2.15
0.48 3.45 1.15
4.51
9.76 37.36 0.57
807.77 1001
16
92
1.74
0.67 4.02 0.00
2.93
24
9 100
1.89
0.78 3.44 0.57
4.66
38
9 100
14.05
109
33 100
1.82
0.55 2.87 0.57

Table 2. Diabetes1 problem
Training Set
Test Set
Algorithm Mean Stdev Max Min Suc. Mean Stdev Max Min
BP
1001.00
0.00 1001 1000
0
36.45 36.45 36.45 36.45
MBP
863.75 186.39 1001 354
46
28.71
4.80 36.45 23.43
SMBP
865.45 190.57 1001 256
46
28.70
5.12 36.45 21.88
0.94 29.17 22.92
ABP
664.85 153.80
965 385 100 24.54
PARTAN 796.35 145.54 1001 549
81
26.44
3.01 36.45 23.96
26.48
3.98 36.45 21.87
SCG
499.69 973.11 1001
64
87
RPROP
90.11 31.62
206
47 100
25.94
1.54 30.20 21.87
25.00
1.56 28.12 20.31
iRPROP
59.27 20.91
159
35 100
25.35
1.43 36.45 23.44
MSF
112.87 92.80 1002
73
99

Table 3. Heart1 problem
Training Set
Test Set
Algorithm Mean Stdev Max Min Suc. Mean Stdev Max Min
20.75
0.81 23.04 18.70
BP
1001.00
0.00 1001 1001
0
20.62
1.10 22.60 17.82
MBP
631.09 136.06
984 367 100
20.93
1.18 24.35 17.82
SMBP
638.17 161.63 1001 303
98
20.76
1.01 22.60 17.82
ABP
159.13 26.77
217
95 100
PARTAN 327.69 47.95
427 213 100
20.64
0.66 22.60 19.13
21.60
4.76 47.82 17.82
SCG
339.37 841.67 1001
46
91
20.69
0.99 23.47 18.26
RPROP
20.49
3.18
30
14 100
1.00 22.17 17.39
iRPROP
16.89
2.47
24
12 100 20.34
20.59
1.30 24.34 16.95
MSF
42.55
8.22
73
30 100

RPROP. The results for the problem Diabetes1 are reported in Table 2. Again
RPROP and iRPROP performed less function evaluations than the other methods, while MSF ranked third. Concerning test set performance, ABP obtained
the best classiﬁcation error while MSF was the third best method. On the Heart1
problem, as shown in Table 3, iRPROP required the least function evaluations
and produced the minimum classiﬁcation error in the test set. MSF had the
second best classiﬁcation error and the third place with respect to function evaluations.
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Conclusions

This paper presents a new scheme for feedforward multilayer neural networks
training. We utilize the trajectory that results from the solution of the second–
order ordinary diﬀerential equation ẍ = −∇E(x), using a modiﬁcation of the
method proposed in [1] to obtain minima of the network’s error function. The
proposed method clearly outperforms the well known and widely used family
of BP and conjugate gradient methods. It is less eﬃcient in terms of function
evaluations than RPROP and iRPROP but with respect to generalization it
exhibits almost the same performance. In a future correspondence we intend to
apply our approach on the general second order diﬀerential equation (2). We will
also study the implications that arise from the application of the Theorem due
to Poincaré in the present setting.
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