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Abstract 
In this paper, we present nonmonotone methods for 
feedforward neural network training, i.e. training meth- 
ods in which error function values are allowed to in- 
crease at some iterations. More specifically, at each 
epoch we impose that the current error function value 
must satisfy an Armijo-type criterion, with respect 
to the maximum error function value of M previous 
epochs. A strategy to dynamically adapt M is sug- 
gested and two training algorithms with adaptive learn- 
ing rates that successfully employ the above mentioned 
acceptability criterion are proposed. Experimental re- 
sults show that the nonmonotone learning strategy im- 
proves the convergence speed and the success rate of 
the methods considered. 

Introduction 
The batch training of a Feedforward Neural Network 
(FNN) is consistent with the theory of unconstrained 
optimization and can be viewed as the minimization 
of the function E that is to find a minimizer w* = 
(wr, w:, . . . , w:) E R", such that: 

where E is the batch error measure defined as the 
sum-of-squared-differences error function over the en- 
tire training set. 

The widely used batch Back-Propagation (BP) [28] is 
a first-order neural network training algorithm, which 
minimizes the error function using the steepest descent 
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method [SI: 

where k indicates iterations (k = 0,1 , .  . .), the gradient 
vector is usually computed by the back-propagation of 
the error through the layers of the FNN (see [28]) and 
q is a constant heuristically chosen learning rate. A p  
propriate learning rates help to avoid convergence to a 
saddle point or a maximum. In practice, a small con- 
stant learning rate is chosen (0 < 7 < 1) in order to 
secure the convergence of the BP training algorithm 
and to avoid oscillations in a direction where the error 
function is steep. It is well known that this approach 
tends to be inefficient [12, 281. For difficulties in ob- 
taining convergence of BP training algorithms utiliz- 
ing a constant learning rate see [13, 161. On the other 
hand, there are theoretical results that guarantee the 
convergence when the learning rate is constant. In this 
case the learning rate is proportional to the inverse of 
the Lipschitz constant which, in practice, is not easily 
available [l, 171. 

The paper is organized as follows: in the next section 
the class of backpropagation algorithms with adaptive 
learning rate is presented and the advantages as well 
as the disadvantages of these algorithms are discussed. 
Then, the idea of nonmonotone training is introduced. 
Afterwards, two methods with adaptive learning rate, 
which incorporate the proposed nonmonotone learning 
strategy are described. Finally, simulation results are 
presented and the paper ends with some concluding re- 
marks. 
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Adaptive Learning Rate Algorithms 
Several adaptive learning rate algorithms have been 
proposed to accelerate the training procedure. The fol- 
lowing strategies are usually suggested: (i) start with a 
small learning rate and increase it exponentially, if suc- 
cessive epochs reduce the error, or rapidly decrease it, if 
a significant error increase occurs [3,31], (ii) start with 
a small learning rate and increase it, if successive epochs 
keep gradient direction fairly constant, or rapidly de- 
crease it, if the direction of the gradient varies greatly 
at each epoch [6] and (iii) for each weight an individual 
learning rate is given, which increases if the successive 
changes in the weights are in the same direction and 
decreases otherwise [12, 22, 26, 291. Note that all the 
above mentioned strategies employ heuristic parame- 
ters in an attempt to enforce the monotone decrease 
of the learning error and to secure the converge of the 
training algorithm. 

A different approach is based on Goldstein’s and 
Armijo’s work on steepest-descent and gradient meth- 
ods. The method of Goldstein [9] requires the as- 
sumption that E is twice continuously differentiable 
on S(wo), where S(wo) = {w: E(w) 5 E(wo)} is 
bounded, for some initial vector WO. It also requires 
that 7 is chosen to satisfy the relation sup llH(w)ll 5 
7-l c 00 in some bounded region where the rela- 
tion E(w) 5 E(wo) holds, where H(w) denotes the 
Hessian of E at w. However, the manipulation of the 
full Hessian is too expensive in computation and storage 
for FNNs with several hundred weights [4]. Le Cun [14] 
proposed a technique, based on appropriate perturba- 
tions of the weights, for estimating on-line the extreme 
eigenvalues and eigenvectors of the Hessian without cal- 
culating the full matrix H .  According to experiments 
reported in [14] the largest eigenvalue of the Hessian is 
mainly determined by the FNN architecture, the initial 
weights and by short-term low-order statistics of the 
training data. This technique could be used to deter- 
mine 7 requiring additional presentations of the train- 
ing set in the early training. 

An alternative approach is based on the work of 
Armijo [l]. Following this approach, the value of the 
learning rate 7 is related to the value of the Lipschitz 
constant L, which depends on the morphology of the 
error surface. In this case, the BP algorithm takes the 
form: 

(3) 
1 
2L wk+’ = wk - -VE(wk), 

and converges to the point w* which minimizes E 
(see [l] for conditions under which convergence occurs 
and a convergence proof). 

Nonmonotone Learning and Global 
Convergence 

A training algorithm can be made globally convergent 
by determining the learning rate in such a way that 
the error is exactly minimized along the current search 
direction at each epoch, i.e. E(wk+l)  < E(wk).  To 
this end, an iterative search, which is often expensive 
in terms of error function evaluations, is required. It 
must be noted that the above simple condition does not 
guarantee global convergence for general functions, i.e. 
converges to a local minimizer from any initial condi- 
tion (see [7] for a general discussion on globally conver- 
gent methods). 

The use of adaptive learning rate algorithms which en- 
force monotone error reduction using inappropriate val- 
ues for the critical heuristic learning parameters can 
considerably slow the rate of training, or even lead to 
divergence and to premature saturation [15, 271. More- 
over, using heuristics it is not possible to develop glob- 
ally convergent training algorithms. 

To alleviate this situation we propose the following ap- 
proach that exploits the accumulated information re- 
garding the M most recent values of the error function, 
to accelerate convergence. The following condition is 
used to formulate the proposed approach and to d&e 
a criterion of acceptance of any weight iterate [lo]: 

E(wk -qkVE(wk))  - ogyM E(wk-j)  5 

where M is a nonnegative integer, 0 < U < 1, and 
qk indicate the learning rate in the kth epoch. The 
above condition allows an increase in the function val- 
ues without affecting the global convergence properties 
as has been proved theoretically in [lo, 251 and experi- 
mentally in [24]. Experiments indicate that the choice 
of the parameter M is critical for the implementation 
and depends on the problem. The following procedure 
provides an elegant way to dynamically adapt the value 
of M at each epoch: 

Mk-1 + 1, Ak < Ak-I c Ak-’, 
Mk-l - 1, Ak > Ak-l > Ak-’, (5) 

M k  = { Mk-1 , otherwise, 

where Ak is the local estimation of the Lipschitz con- 
s t a t  [17] at the kth iteration, defined as: 

Note that the local approximation of the Lipschitz con- 
stant is easily obtained, without any additional error 
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function and gradient evaluations. Obviously, M has 
to be positive. Thus, if Relation (5) gives a non posi- 
tive number, the value of M is set to M = 1. Moreover, 
in practice, we have to enforce an upper limit to the val- 
ues of M, as well. Experimental results indicate that 
M = 10, is a good choice for the maximum value of M. 

If Ak is increased for two consecutive epochs, the se- 
quence of the weight vectors approaches a steep region, 
so we decrease the value of M, to avoid overshooting 
a possible minimum point. Reversely, when hk is de- 
creased for two consecutive epochs, the method possi- 
bly enters a valley in the weight space, so we increase 
the value of M. This allows the method to accept larger 
learning rates and move faster out of the flat region. Fi- 
nally, when the value of Ak has a rather random behav- 
ior (increasing and decreasing for consecutive epochs), 
we leave the value of M unchanged. 

Next, we propose a high-level description of an algo- 
rithm that employs the above acceptability criterion. 
The kth iteration of the algorithm consists of the fol- 
lowing steps: 

1: 

2: 

3: 

4: 

Compute the new learning rate qk using any 
learning rate adaptation strategy. 
Update the weights wk+l = wk - qkVE(wk).  
If the acceptability condition (4) is fulfilled store 
wk+' and terminate; otherwise go to the next 
step. 
Use a tuning technique for qk and return to 
Step 3. 

Remark 1.: A simple technique to tune qk at Step 4 is 
to decrease the learning rate by a reduction factor 1/q,  
where q > 1 [21]. We remark here that the selection of q 
is not critical for successful learning, however it has an 
influence on the number of error function evaluations 
required to satisfy the condition (4). The value q = 2 
is usually suggested in the literature [l] and indeed it 
was found to work without problems in the experiments 
reported in the paper. 

Remark 2.: The above model constitutes an e5cient 
method to determine an appropriate learning rate with- 
out additional gradient evaluations. As a consequence, 
the number of gradient evaluations (GE) is, in general, 
less than the number of error function evaluations (FE). 

Nonmonotone Training Algorithms with 
Adaptive Learning Rate 

The nonmonotone learning strategy can be incorpo- 
rated in any training algorithm. In this section, we 

briefly describe two recently proposed trainiig algo- 
rithms with adaptive learning rate, which can be suc- 
cessfully used for nonmonotone backpropagation train- 
ing. 

1) Adapting the mte of learning by locally estimating the 
Lipschitz constant. The BPVS algorithm [17] exploits 
the local shape of the error surface by estimating the 
Lipschitz constant at each epoch and setting the learn- 
ing rate qk = 0.5/hk, where Ak is the local estimation 
of the Lipschitz constant L at the kth epoch (see Rela- 
tion 6). Thus, when the error surface has steep regions, 
Ak is large and a small value for the learning rate is ap- 
propriate in order to guarantee convergence. On the 
other hand when the error surface has flat regions, hk 
is small and a large learning rate is appropriate to ac- 
celerate the convergence speed. If qk = 0.5/Ak does not 
satisfy condition (4), the learning rate tuning technique 
of Remark 1 is applied. This version of the BPVS that 
provides nonmonotone training is named NMBPVS. 

2) Adapting the mte of learning by using the Barzilai 
and Borwein formula. In a previous work [23] we have 
proposed a neural network trainiig algorithm called 
BBP, which is based on the Barzilai and Borwein (21 
learning rate update formula: 

(7) 

where Jk-' = wk-wk--l, $,k-l = VE(wk)-VE(wk-l)  
and (. , .) denotes the standard inner product. The key 
features of this method are the low storage require- 
ments and the inexpensive computations. Moreover, 
it does not guarantee descent in the error function E. 
Our experiments in [23, 241, show that this property is 
valuable in neural network training, because very often 
the method escapes from local minima and flat valleys 
where other methods are trapped. To secure that con- 
dition (4) is fulfilled, the learning rate tuning technique 
of Remark 1 is used to reduce relatively large learn- 
ing rates. This modified training algorithm is named 
NMBBP. 

Experimental Results 
In this section, we evaluate the performance of the pro- 
posed algorithms. The algorithms have been tested us- 
ing the same random initial weights, and received the 
same sequence of input patterns. The weights of the 
network are updated only after the entire set of pat- 
terns to be learned has been presented. 

We have fixed the value of U = 
maximum value of M allowed was M = 10. 

Furthermore, the 
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For each of the test problem, a figure summarizing 
the performance of the algorithms for simulations that 
reached solution is presented. A total number of 100 
simulations for each algorithm has been made. In fig- 
ures 1-6, the x-axis denotes the value of M = 1,. . . , lo .  
For M = 1, we have the original BPVS and BBP meth- 
ods using the Armijo’s criterion, while for M = V, we 
have the proposed methods with adaptive M. 

Note that the number of error function evaluations 
(FE) is, in general, larger than the number of gradient 
evaluations (GE), due to the learning rate acceptabd- 
ity criterion we use. As a consequence, even when our 
algorithms fail to converge within the predetermined 
limit of function evaluations, their number of gradient 
evaluations is smaller than the corresponding number 
of other methods. Keeping in mind that a gradient 
evaluation is more costly than an error function eval- 
uation (see for example [18], where Mdler suggests to 
count a gradient evaluation three times more than an 
error function evaluation), one can understand that our 
methods require fewer floating point operations and are 
actually much faster. 

The font learning problem 
For this problem, 26 matrices with the capital letters of 
the English alphabet are presented to a 35-30-26 FNN 
(1830 weights, 56 biases). Each letter has been defined 
in terms of binary values on a grid of size 5 x 7. The 
network is based on hidden neurons of logistic activa- 
tions and on linear output neurons. The performance 
of the methods is exhibited in Figure 1 and 2. 

For this problem the weights have been initialized fol- 
lowing the Nguyen-Widrow method [19]. The termina- 
tion condition is a sum-of-squared-differences error less 
than 0.1 and the error function evaluations limit was 
2000. In this problem the nonmonotone learning strat- 
egy accelerates the convergence of both BPVS and BBP 
methods. Note that the performance of the methods 
with adaptive M is at least as good as the average per- 
formance of the methods with a predefined M. All the 
algorithms exhibited very good performance, as they 
had complete success percentage (see Figure 3). 

Texture classification problem 
A total of 12 Brodatz texture images [5]: 3, 5, 9, 12, 
15, 20, 51, 68, 77, 78, 79, 93 (see Figure 1 in [17]) 
of size 512 x 512 is acquired by a scanner at 15Odpi. 
From each texture image 10 subimages of size 128 x 128 
are randomly selected, and the ceoccurrence method, 
introduced by Haralick [ll] is applied. In the co- 
occurrence method, the relative frequencies of gray- 
level pairs of pixels at certain relative displacements 
are computed and stored in a matrix. As suggested 

by other researchers [20, 301, the combination of the 
nearest neighbor pairs at orientations O’, 45O, 90’ and 
135’ are used in the experiment. A set of 10 sixteenth- 
dimensional training patterns are created from each im- 
age. The patterns are presented in a finite sequence 
C = (CI,C~, . . . ,c,) of input-output pairs c, = (U , t p )  
where up are the real valued input vectors in 1R”and 
tp are binary output vectors in RI2, for p = 1,. . . ,120, 
determining the corresponding training pattern. A 16 
8-12 FNN (224 weights, 20 biases) is trained to clas- 
sify the patterns to the 12 texture types. The network 
is based on neurons of logistic activations with biases, 
and the weights and biases were initialized with random 
numbers from the interval (-1,l). 

Detailed results regarding the training performance of 
the algorithms are presented in Figure 4 and 5. The 
termination condition is a classification error CE < 
3% [lq; that is the network classifies correctly 117 out 
of the 120 patterns. 

The successfully trained FNNs are tested for their 
generalization capability, using test patterns from 20 
subimages of the same size randomly selected from each 
image. To evaluate the generalization performance of 
the FNN the max rule is used, i.e. a test pattern is 
considered to be correctly classified if the correspond- 
ing output neuron has the greatest value among the 
output neurons. The methods with variable M exhib- 
ited slightly better generalization capabilities than the 
other methods. 

Concluding Remarks 
In this paper we have presented a new approach for gen- 
erating nonmonotone learning rules based on an accept- 
ability criterion. We incorporate information given by 
the local estimation of the Lipschitz constant to dynam- 
ically adapt this criterion, according to the local shape 
of the error function. The simulation results suggest 
that the use of this acceptability criterion, can signifi- 
cantly accelerate the convergence speed of the training 
algorithms. The behavior of the nonmonotone algo- 
rithms, in the considered experiments, proved to be 
robust against phenomena such as oscillations due to 
large learning rates. 
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Figure 1: Mean FE and GE numbers of BBP method 
for the font problem 

Figure 4: Mean FE and GE numbers of BBP method 
for the texture problem 

Figure 2: Mean FE and GE numbers of BPVS method 
for the font problem 

Figure 5: Mean FE and GE numbers of BPVS method 
for the texture problem 

Figure 3 Success percentage of the BBP and BPVS 
methods for the font problem 

Figure 6: Success percentage of the BBP and BPVS 
methods for the texture problem 
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