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Abstract: We propose a new approach for the identification of the resonances appearing in
symplectic maps. In the proposed methodology, we make use of Evolutionary Algorithms
which are population based search strategies used for global optimization. We have applied
the proposed methodology to the 2 - dimensional (2D) Hénon map and obtained promising
results which can be generalized to symplectic maps of higher (2m) dimensions. As is wellknown, such maps are representative of Hamiltonian systems and occur in many physical
applications.
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Introduction

In this paper, we propose a new methodology for the numerical detection of resonances in symplectic maps of even dimension. We formulate this task as an optimization problem. Evolutionary
Algorithms [1] (EAs) are then used to solve this problem.
Evolutionary Algorithms [1] (EAs) are population based heuristic optimization algorithms,
which use mechanisms inspired from biological evolution, such as crossover, mutation and natural
selection. EAs attain a set of possible solutions, called “population”, using an objective function
to evaluate each candidate solution also named “an individual”. Evolution of the population then
takes place after the repeated application of the above mechanisms (also called operators).
Examples of EAs are the genetic algorithms (GAs) [2], the evolution strategies [3] and the
genetic programming [4] and Differential Evolution Algorithms (DE) [5]. Related to EAs is the
Particle Swarm Optimization (PSO). PSO belongs to the class of Swarm Intelligence algorithms,
which are inspired from (and based on) social dynamics and emergent behavior in socially organized
colonies [6]. In the context of PSO, the population is called a swarm and the individuals (or search
agents) are called particles. Both, DE and PSO have proved very efficient and easy to use in a
great variety of optimization problems.
The above methods are particularly effective when the objective function is not differentiable
and/or is discontinuous or the objective function is multimodal. They are also very simple in
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their use and implementation, while they require only function evaluations without needing the
computation of function’s derivatives.
Finally, very promising and effective are the Memetic Algorithms. Memetic Algorithms (MAs)
are metaheuristic–search algorithms used to solve global optimization tasks. MAs are hybrid
algorithms which combine EAs and local search methods. EAs achieve exploration of the whole
search space and local search methods exploit smaller regions [7].
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The Proposed Approach, Results and Discussion

The goal of the proposed methodology is the numerical detection of resonances (or sequences
of stable and unstable periodic orbits) of maps of a 2m-dimensional space onto itself. In the
2-dimensional case, the method works as follows: We choose a series of concentric circles with
increasing radii around the main elliptic point of the map. In the region contained between two
consecutive circles, we initialize a population of 10-20 individuals of an EA. In this framework,
the individuals of the EA population are points of the phase space of the map. For every such
individual, we take its coordinates and iterate them through the map for 104 iterations, measuring
the minimum and the maximum distance of the produced set of points from the central elliptic
point of the map. The fitness function of the EA is the difference D between the maximum and
minimum distance (D = maximum − minimum) from the origin of the map of all these orbits and
the goal of the EA is to maximize the quantity D. The reason is that D experiences large variations
precisely where there are big “islands” in phase space corresponding to the location of relatively
low order resonances (or periodic orbits of small period N , where N is of order 10 or 20).
Thus, plotting the associated D values versus the radius of the individual orbits produces a
function whose maxima and minima are expected to give us an indication of the existence of
resonances at the corresponding radius.
We have applied our method in the 2D Hénon map for the frequency vx = 0.45. The 2D Hénon
map is given by the set of equations
x0 =

cos(2πvx )x + sin(2πvx )(px + x2 ),

p0x = − sin(2πvx )x + cos(2πvx )(px + x2 ).
and is known from its application e.g. to the dynamics of particle beams in high energy accelerators [8]. Its phase space picture is shown here in Figure 1. Note the different chains of islands
in this figure associated with resonances of different order: The lower the order (and the smaller
the period of the periodic orbits) the bigger the size of the islands. For example, after a region
of smoothly varying concentric curves, we notice in Figure 1 (at a distance of about 1.2 from the
origin) a dramatic change in the morphology of the orbits caused by the presence of a period 7
resonance. Then the closed curves become smooth again until another dramatic change occurs at
about 1.6 units from the origin, where a chain of 12 islands can be clearly seen in the Figure 1.
Let us see all this now in Figure 2, where we present a plot with the corresponding results of
our EA strategy. We have used many values for our concentric radii, forming a series of annuli
lying in the interval [0.2, 3.0], with step 0.01. For every such annulus, we record the output D
found by the EA. Specifically, here, as a first candidate from the class of EAs we have used the
Differential Evolution algorithm [5] which is, in general, very effective and efficient.
Notice in Figure 2(a) the 2 local major maxima of D at distances 1.25 and 1.6 approximately,
where D experiences sudden upward jumps. These jumps correspond precisely to the two sudden
changes in the morphology of the dynamics observed in Figure 1 near the resonances of period 7 and
12. In fact, there is a lot more to this figure than meets the (naked) eye! If we magnify the region
between the two big jumps (see Figure 2(b)), we notice a very small one near a radius of about
1.49. This corresponds to a resonance of 19 islands, barely visible also in Figure 1. There are also
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Figure 1: The phase space of the 2D Hénon map for the frequency vx = 0.45.
other local minima and maxima in Figure 2(a), following the second big jump, which correspond
to chains of islands of different periods near the big chaotic regions outside where orbits escape to
infinity.
In a future work, we intend to make a comprehensive study of this picture, using a variety
of EA (mentioned in Section 1) and try to conclude which one is more efficient in depicting the
remarkable morphology of the dynamics, not only for 2D, but also for higher dimensional maps of
interest to accelerator dynamics [9].
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Figure 2: The proposed methodology was applied in the 2D Hénon map. The horizontal axis
denotes the radius and the vertical axis the output difference D as a function of the radius. In
Fig. 2(a) is the original plot while in Fig. 2(b) a magnification of Fig. 2(a) is depicted.
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