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Intensional semantics of fuzzy logics

Libor Běhounek
Institute of Computer Science, Academy of Sciences of the Czech Republic

Pod Vodárenskou věž́ı 2, 182 07 Praha 8, Czech Republic

behounek@cs.cas.cz

Classical intensional semantics plays an important rôle both in logical anal-
ysis of natural language and modal logic. Based on the notions of logical space
and possible world, it provides sound and complete semantics of classical propo-
sitional or predicate calculus and can serve as the basis for all kinds of modal
logics (alethic, epistemic, temporal, dynamic, erotetic, deontic, etc.).

In classical intensional semantics, the semantic value of a formula is a subset
(called a proposition) of some basic set (called a logical space). In fuzzy logic,
we allow propositions to be fuzzy subsets of a logical space (which can itself be
a fuzzy set). The notions of validity, tautologicity and entailment are defined
analogically to the classical case and their properties are studied. In order to be
able to prove formally the laws governing fuzzy entailment and the properties of
fuzzy propositions, the apparatus of fuzzy intensional semantics is formalized in
the framework of fuzzy class theory FCT developed in [3]. (FCT is a first-order
theory over any of a certain class of residuated fuzzy logics, capturing formally
the notion of fuzzy set of individuals.) Within FCT, the completeness theorem
for intensional fuzzy semantics and several properties of the notion of entailment
(e.g., transitivity under certain conditions) are proved, both for propositional
and predicate fuzzy logic.

A wide class of residuated fuzzy logics (including schematic extensions of
BL∆ and logics definable in �LΠ1

2 , see [1], [2]) is thus equipped with formal
intensional semantics, which makes a prospect of further developments of various
kinds of modal fuzzy logics.
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Weakly Residuated Lattices

I. Chajda

Abstract: We modify the concept of adjoitness property and of residuated
lattice to obtain a weak adjoitness and a weakly residuated lattice. A weakly
residuated lattice need not be distributive, an axample of a weakly residuated
lattice which is not residuated is e.g. the five-element non-modular lattice
(the pentagon). Our results:

1. If L is a weakly residuated lattice then L is sectionally pseudocomple-
mented.

2. If L is an algebnraic lattice then L is weakly residuated if and only if
L is meet-semidistributive

1
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Universal fuzzy logic

P. Cintula1

Institute of Computer Science, Academy of Sciences of the Czech Republic,
Pod vodárenskou věž́ı 2, 182 07 Prague 8,

and
Dept. of Mathematics, FNSPE, Czech Technical University, Prague.

e-mail: cintula@cs.cas.cz

ABSTRACT

The mathematical fuzzy logic has been widely developed in the last
decade. Many logics were defined and their properties were examined. Also
natural many-valued interpretation was introduced for many already-known
logics. The goal of this paper is to systematically study these logic from an
abstract point of view.

As a starting point we examine Hájek’s concept of a “logic of compara-
tive degrees of truth”. Using this concept we introduce the minimal fuzzy
logic and then develop a theory of its extensions. So, the universal fuzzy
logic is a theory of extensions of this minimal fuzzy logic. Following Hájek’s
approach, the central logical concepts of our theory are Hilbert style calculi
and algebraic semantics. We develop our theory for both propositional and
predicate logics.

Our theory is connected to the Abstract algebraic logic, especially in the
propositional part. However, we have a different starting point and we deal
with a very special (narrow) class of logics (from an AAL point of view) and
we classify logics in quite different way using concepts from the fuzzy logics.

The variety of residuated lattices and its subquasi-varieties are important
algebraic structures. The connection between these quasi-varieties and propo-
sitional logics is well known (using AAL terminology we would say that they
are algebraic semantics for these logics). As a consequence of our theory we
make a first step in establishing connection between these quasi-varieties and
predicate logics. We present an uniform way of defining first-order calculus
over some quasi-variety and prove its completeness, Skolem terms introduc-
tion, and some other logical properties.

1Partial support of the grant No. IAA1030004 of the Grant agency of the Academy of
sciences of the Czech republic is acknowledged.
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Notes on special Hilbert algebras

Aldo Figallo JR.

Departamento de Matemática, Universidad Nacional del Sur,
8000 Bah́ıa Blanca, Argentina.

e-mail: aldof@criba.edu.ar

Several authors have accepted as evident that the class of Hilbert alge-
bras in which each pair of elements has infimum, which initially in 1963 H.
Porta called Hertz algebras, are the same as the class of implicative semilat-
tices or Brouwerian semilattices. But this assertion is false as it is known.

In this communication, firstly we describe how Hertz algebras arose and
we also analyse the conclusions obtained by J. Cirulis in relation to some
results indicated by D. Busneag and M. Kondo.

Next, we define and investigate a special class of Hilbert algebras with
infimum which is a subclass of order algebras introduced by I. Chajda and
R. Halas̆ in 2002 and which we named order algebras with infimum. Among
others results we determined the congruences and the subdirectly irreducible
algebras.

The main references we based this communication on are cited below for
further corroboration.
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Mathèmatique, Serie A, 21, Gauthier-Villars, Paris (1966).

[6] A. V. Figallo, G. Ramón nd S. Saad, A note on the Hilbert algebras
with infimum. Mat. Contemp. 24 (2003), 23 - 37

[7] S. Hong and Y. Jun, On a special class of Hilbert algebras, Algebra
Colloq. 3 (1996), no. 3, 285 - 288.

[8] M. Kondo, (H)-Hilbert algebras are same as Hertz algebras, Math.
Japonica, 50, No. 2 (1999), 195 - 200.

[9] E. L. Marsden, A note on implicative models, Notre Dame J. Formal
Log., 1 (1972), 139 - 144.

[10] A. Monteiro, Axiomes independants pour les algèbres de Brouwer, Rev.
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On the variety of Ockham–Nelson algebras

A. V. Figallo, P. Landini and A. Ziliani

Departamento de Matemática, Universidad Nacional del Sur,
8000 Bah́ıa Blanca, Argentina.

Instituto de Ciencias Básicas, Universidad Nacional de San Juan,
5400 San Juan, Argentina.

e-mails: matfiga@criba.edu.ar, plandini@ffha.unsj.edu.ar, aziliani@criba.edu.ar

We iniciate an investigation into an equational class of algebras which we
called Ockham–Nelson algebras. An Ockham–Nelson algebra is an algebra
〈L,∧,∨,→, f, 0, 1〉 of type (2, 2, 2, 1, 0, 0) where the reduct 〈L,∧,∨, f, 0, 1〉
is an Ockham algebra and → fulfills the following identities:

(B1) x → x = 1,

(B2) (x → y) ∧ (f(x) ∨ y) = f(x) ∨ y,

(B3) x ∧ (x → y) = x ∧ (f(x) ∨ y),

(B4) x → (y ∧ z) = (x → y) ∧ (x → z),

(B5) x → (y → z) = (x ∧ y) → z.

This variety is an extension of both Ockham algebras introduced by J.
Berman in 1977 and generalized N− lattices introduced by A. V. Figallo in
1990. Our main result is the duality theory for these algebras which extends
that obtained by A. Urquhuart for Ockham algebras. This duality enables
us to determine the lattice congruences for these algebras.
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Some Axiomatic Extensions of the

Involutive Monoidal T-norm Logic

Joan Gispert i Brasó ∗

Antoni Torrens Torrell †

Facultat de Matemàtiques, Universitat de Barcelona,
jgispertb@ub.edu , torrens@mat.ub.es

Abstract

The Involutive Monoidal t-norm Logic (IMTL for short) is obtained from
the Monoidal T-norm Logic (MTL for short) by adding the involutive condition
(¬¬ϕ → ϕ). IMTL can also be seen as a weaker logic of  Lukasiewicz infinite
valued calculus, failing the satisfy the divisibility condition of the strong con-
junction, the same way as MTL can be obtained from Hajek’s Basic Fuzzy Logic
by dropping this divisibility condition.

In this communication we deal with two specific IMTL -logics: Nilpotent
Minimum Logic (NML for short) and IMTL3, and their associated algebras.
Nilpotent Minimum t-norms (NM t-norms) were introduced by Fodor in order
to give examples of left continuous t-norms which are not continuous and NML
is defined to be complete with respect NM t-norms. IMTL3 is the logic obtained
from IMTL by adding the axiom σ3 = ¬(ϕ&ϕ&ϕ) ∨ ϕ.

After studying their associated algebras, we obtain a characterization, classi-
fication and axiomatization of all axiomatic extensions of NM and all axiomatic
extensions of IMTL3. Although both logics are in many ways different their
lattices of axiomatic extensions are isomorphic and have the same invariant
conditions. Every axiomatic extension is complete with respect to a class of
NM(IMTL3)-chains and given a family of NM(IMTL3)-chains the number of
elements of the largest odd finite subalgebra in the family and the number of
elements of the largest even finite subalgebra in the family turns out to be a
complete classifier.

∗This work is partially supported by Grant 2001SGR-0017 of D.G.R. of Generalitat de
Catalunya, by Grant BFM2001-3329 of D.G.I.C.Y.T. of Spain and by Spanish CICYT project
LOGFAC (TIC2001-1577-C03-01)

†This work is partially supported by Grant 2001SGR-0017 of D.G.R. of Generalitat de
Catalunya, by Grant BFM2001-3329 of D.G.I.C.Y.T. of Spain
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[6] P. Hájek. Metamathematics of Fuzzy Logic. Kluwer, 1998.
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Representations of monadic
MV -algebras

L. P. Belluce 1, R. Grigolia 2, A. Lettieri 3

March 31, 2004

Abstract

Representations of monadic MV -algebra, with internal character-
istic of them, is given. The characterization of locally finite monadic
MV -algebras, with axiomatization of them, is also given. The char-
acterization of finitely generated projective MV -algebras is given.

1 Introduction

The finitely-valued propositional calculi, which have been described by J.
Lukasiewicz and A. Tarski in [6], are extended to the corresponding predicate
calculi. The predicate Lukasiewicz (infinitely-valued) logic QL is defined
in the following standard way. For some universe and some complete MV -
algebra (or Chang algebra by Rutledge’s terminology), which in most cases
is a chain - particularly it is the real unit interval, it is defined existential
(universal) quantifier as supremum (infimum). Then the predicate calculus
is defined as all formulas having value 1 for any assignment. The functional
description of the predicate calculus is given by J. D. Rutledge in [7]. B.
Scarpellini in [9] has proved that the set of valid formulas is not recursively

1Department of Mathematics, University of British Columbia, Vancouver, B. C.,
Canada V6T 1Y4.

2Department of Mathematical Logic, Institute of Cybernetics, Georgian Academy of
Sciences. e-mail: grigolia@yahoo.com , grig@cybern.acnet.ge

3Dipartimento di Costruzioni e Metodi Matematici in Architettura, Universita di
Napoli Federico II. e-mail: lettieri@cds.unina.it
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enumerable. We also refer a reader to the papers [10], [11] and [4] concerning
to the Lukasiewicz predicate calculus.

Monadic MV -algebras (monadic Chang algebras by Rutledge’s terminol-
ogy) were introduced and studied by J. D. Rutledge in [7] as an algebraic
model for the (monadic) predicate calculus qL of Lukasiewicz infinite-
valued logic, in which only a single individual variable occurs. J. D. Rut-
ledge followed P. R. Halmos’ study of monadic Boolean algebras. In view
of the incompleteness of the predicate calculus the result of Rutledge in [7],
showing the completeness of the monadic predicate calculus, has been a great
interest.

Adapting for the propositional case the axiomatization of monadic MV -
algebras given by J. D. Rutledge in [7], we can define modal Lukasiewicz
propositional calculus MLPC as a logic which contains Lukasiewicz propo-
sitional calculus Luk, the formulas as the axioms schemes

M1. α → ∃α
M2. ∃(α ∨ β) ≡ ∃α ∨ ∃β
M3. ∃(¬∃α) ≡ ¬∃α
M4. ∃(∃α + ∃β) ≡ ∃α + ∃β
M5. ∃(α + α) ≡ ∃α + ∃α
M6. ∃(α · α) ≡ ∃α · ∃α

and closed under modus ponens and necessitation (α/∀α , where ∀α =
¬∃¬α).

Let L denote a first-order language based on ·, +,→,¬,∃ and Lm de-
notes monadic propositional language based on ·, +,→,¬,∃, and Form(L)
and Form(Lm) - the set of all formulas of L and Lm respectively. We
fix a variable x in L, associate with each propositional letter p in Lm a
unique monadic predicate Fp(x) in L and define by induction a translation
Ψ : Form(Lm) → Form(L) by putting

• Ψ(p) = Fp(x) if p is propositional variable,
• Ψ(α ◦ β) = Ψ(α) ◦Ψ(β), where ◦ = ·, +,→,
• Ψ(∃α) = ∃xΨ(α).

Through this translation Ψ, we can identify the formulas of Lm with monadic
formulas of L containing the variable x. Ψ(MLPC) ⊆ QL.
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2 Preliminaries and basic facts

The definition and investigation of monadic MV -algebras (monadic Chang
algebras in other terminology) is given by J. D. Rutledge in [7]. MV -algebras
were introduced by C. C. Chang in [1] as algebraic models for infinitely-valued
Lukasiewicz logic.

An algebra A = (A,⊕,¯, ∗, ∃, 0, 1) is said to be monadic MV-algebra (for
short MMV -algebra) if (A,⊕,¯, ∗, 0, 1) is an MV -algebra and in addition ∃
satisfies the following identities :

E1. x ≤ ∃x
E2. ∃(x ∨ y) = ∃x ∨ ∃y
E3. ∃(∃x)∗ = (∃x)∗

E4. ∃(∃x⊕ ∃y) = ∃x⊕ ∃y
E5. ∃(x¯ x) = ∃x¯ ∃x
E6. ∃(x⊕ x) = ∃x⊕ ∃x

This definition belongs to J. D. Rutledge (see [7]). Sometimes we shall denote
a monadic MV -algebra A = (A,⊕,¯, ∗,∃, 0, 1) by (A, ∃), for brevity.

We can define a unary operation ∀x = (∃x∗)∗ corresponding to the uni-
versal quantifier. Then in any monadic MV -algebra hold the identities which
are dual to E1− E6 :

A1. x ≥ ∀x
A2. ∀(x ∧ y) = ∀x ∧ ∀y
A3. ∀(∀x)∗ = (∀x)∗

A4. ∀(∀x¯ ∀y) = ∀x¯ ∀y
A5. ∀(x¯ x) = ∀x¯ ∀x
A6. ∀(x⊕ x) = ∀x⊕ ∀x

Let ∃A = {x ∈ A : x = ∃x}. Then it holds:

Definition 2.1. [3]A subalgebra A0 of an MV -algebra A is said to be rela-
tively complete (or rc-subalgebra) in A if, for every a ∈ A, the set {b ∈ A0 :
a ≤ b} has the least element, which is denoted by

inf{b ∈ A0 : a ≤ b} or
∧

a≤b∈A0

b.

3
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In order to characterize monadic operators on MV -algebras, we give the
following:

Definition 2.2. (see[3])A subalgebra A0 of an MV -algebra A is said to be
m-relatively complete (or mrc-subalgebra) in A, if A0 is relatively complete
in A and the following additional conditions hold:

(#) (∀a ∈ A)(∀x ∈ A0)(∃v ∈ A0)(x ≥ a¯ a ⇒ v ≥ a & v ¯ v ≤ x),

(##) (∀a ∈ A)(∀x ∈ A0)(∃v ∈ A0)(x ≥ a⊕ a ⇒ v ≥ a & v ⊕ v ≤ x).

The subalgebra ({0, 1},⊕,¯, ∗, 0, 1) is not m-relatively complete. Indeed,
let a = 1/2 and x = 0. Then x ≥ a ¯ a. But the only element v ∈ {0, 1}
such that v ≥ a is 1, and v ¯ v � x.

Proposition 2.3. [3] Let (A,⊕,¯, ∗,∃, 0, 1) be a monadic MV -algebra. Then
the MV -subalgebra ∃A of MV -algebra (A,⊕,¯, ∗, 0, 1) is m-relatively com-
plete.

Definition 2.4. Let A0 and A be arbitrary MV -algebras and h : A0 → A
a function. The function ∃h : A → A0 is called left adjoint to h, if ∃h(b) ≤
a ⇔ b ≤ h(a) for any a ∈ A0 and b ∈ A. If in addition ∃h(x ¯ x) =
∃h(x)¯ ∃h(x), ∃h(x⊕ x) = ∃h(x)⊕ ∃h(x), then ∃h is called left m-adjoint.

Proposition 2.5. [3] There exist one-to-one correspondences between :
1)the class of monadic MV -algebras (A, ∃);
2)the class of the pairs (A,A0), where A0 is m-relatively complete subal-

gebra of A;
3)the class of the pairs (A,A0), where A0 is a subalgebra of A and the

canonical embedding h : A0 ↪→ A has left m-adjoint function.

Denote by MV2 the category whose objects are pairs (A, A0) of MV -
algebras, where every injective MV -algebra homomorphism h : A0 ↪→ A
has left m-adjoint function ∃h, and whose morphisms are pairs of functions
(f, f0) : (A,A0) → (A′, A′

0) such that the following conditions are satisfied :

(1) f : A → A′ is MV -algebra homomorphism and f0 : A0 → A′
0 is a

function.

(2) For every injective homomorphism h : A0 ↪→ A, there exists an injective
homomorphism h′ : A′

0 ↪→ A′ such that f ◦ h = h′ ◦ f0.

4
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(3) f0 ◦ ∃h = ∃h′ ◦ f , where ∃h and ∃h′ are the left m-adjoint function to h
and h′ respectively.

(1) and (2) imply that f0 is also an MV -algebra homomorphism.

Proposition 2.6. [3] The category MMV is equivalent to the category
MV2.

3 Representations of monadic MV -algebras

In this section we investigate the properties of monadic MV -algebras. In
particular, we characterize congruences of a given monadic MV -algebra and
prove that MMV is congruence distributive and has congruence extension
property. We characterize subdirectly irreducible monadic MV -algebras and
prove a monadic analogous of Chang’s representation theorem for MV -algebras.
We also shall give conditions thanks to that it is possible to define monadic
operator on an MV -algebra.

Definition 3.1. (see [7]) An ideal M of an algebra (A,∃) ∈ MMV is called
monadic ideal , if M is an ideal of MV -algebra A and for every a ∈ A we
have a ∈ M ⇒ ∃a ∈ M .

Theorem 3.2. (a) There exists a lattice isomorphism between the lattice of
congruence relations of (A,∃) and the lattice of all congruence relations of
A0(= ∃A).
(b) The variety MMV is congruence distributive.
(c) The variety MMV has the congruence extension property.

Proposition 3.3. [7]. Any monadic MV -algebra (A, ∃) is isomorphic to a
subdirect product of monadic MV -algebras (Ai, ∃i) such that ∃iAi is totally
ordered.

Theorem 3.4. [3] If (A,∃) is a finite monadic MV -algebra with totally
ordered ∃A, then MV -algebra A is isomorphic to a product of totally ordered
MV -algebras Ai, i ∈ I, such that Ai

∼= ∃A and ∃A is isomorphic to the
diagonal subalgebra of the product.

Theorem 3.5. Let (A, ∃) be an MMV -algebra and A0(= ∃A) a complete
MMV -algebra. Then, for every subset {ai, i ∈ I} of A0, ∃(

∨
i∈I ai) =∨

i∈I ∃ai.

5
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The question now arises that if A is a complete MMV -algebra, is A0

complete? The positive answer is given in the following

Theorem 3.6. If MMV -algebra A is complete, then A0(= ∃A) is complete.

Now we give some constructions of monadic operators.

Theorem 3.7. Let L be a linearly ordered MV -algebra. Let X be a finite set.
Let D be the algebra of constant functions in LX . If A ⊆ LX is a subalgebra
such that D ⊆ A, then there is an operator ∃ on A such that (A, ∃) is an
MMV -algebra with D = ∃A ∼= L.

Corollary 3.8. There exists an MMV -algebra (A, ∃) such that A is a
perfect MV -algebra and A0 = ∃A is linearly ordered.

4 A General Construction

Let S be any MV -algebra, I a non-empty set. Let F be the ideal in SI defined
by F = {< ai > | support of < ai > is finite} and D the set of all constant
functions of SI . Let A = [F ∪D] be the subalgebra generated by F and D. It
returns that A is the set of all the functions, which are constant up to a finite
set. Define on A, ∃ < ai >=< ci > where all ci = max{ai|i ∈ I}. Proceeding
as in the Theorem 3.7, we obtain an MMV -algebra A with A0 = S.

Notice that in the construction above that S becomes relatively complete
even though it need not be complete.

Observe also that if I is infinite, and S finite, we have an example of an
MMV -algebra (A, ∃) with A infinite and ∃A finite.

We recall that an involution on a non-empty set X is a function η : X →
X such that η(η(x)) = x for every x ∈ X.

Theorem 4.1. Let X be a non-empty set with an involution η, L be any
MV -algebra and A = LX . Then the following map ∃ : A → A for f ∈ A ,
defined by (∃f)(x) = f(x)∨ f(η(x)), for every x ∈ X, is a monadic operator
on A.

It is easy to see that in the above construction A0 = ∃A = {h ∈ A| h(x) =
h(η(x)), for all x ∈ A}.

Example. Let L be any MV -algebra, X = {0, 1, 2, . . .}. Define on X,
η : X → X as follows: η(2x + 1) = 2x + 2; η(2x + 2) = 2x + 1; η(0) = 0.
Then η is an involution on X, and A = LX is an MMV -algebra.

6
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Using this method we can in fact construct infinitely many MMV -algebras
on LX . As above, let X be an infinite set. Let N1, N2 be two disjoint in-
finite equipotent subsets of X with N1 ∪ N2 = X. Let α : N1 → N2 be a
one-one onto map. Let η : X → X be defined by: if x ∈ N1, η(x) = α(x);
if x ∈ N2 set η(x) = α−1(x). Then η is an involution on X and we have an
MMV -algebra defined in the above manner.

There’s no reason in the above construction that requires X to be infinite.
For suppose X has 2k elements. Again divide X into two disjoint subsets of
the same size, and take α to be a one-one onto map between the subsets. If
X has 2k + 1 elements, write X = X ′ ∪ {x0}, x0 /∈ X ′. Divide X ′ into two
equal-sizes disjoint subsets X ′

1, X ′
2 and let α be a one-one, onto map from

X ′
1 to X ′

2. Extend α to all of X by: α(x0) = x0. Again define η : X → X by
η(x) = α(x) if x ∈ X ′

1; η(x) = α−1(x) is x ∈ X ′
2, and set η(x0) = x0. Then

η is an involution on X and an MMV -algebra is defined. This procedure
allows us to construct a finite number of different MMV -algebras on LX .

Theorem 4.2. Let A be an MV -algebra and φ : A → A an isomorphism
such that φ2 = 1A. Then the map: a ∈ A → ∃a, defined by ∃a = a ∨ φ(a),
for every a ∈ X, is a monadic operator on A.

We observe that the above theorem generalizes Theorem 4.1. In fact,
if η : X → X is an involution, then the mapping φ : A → A, given by
φ(f) = f ◦ η, satisfies the following conditions:

1) φ(f ⊕ g) = (f ⊕ g) ◦ η = (f ◦ η)⊕ (g ◦ η).

2) φ(f ∗)(x) = (f ∗ ◦ η)(x) = f ∗(η(x)) = (f(η(x)))∗ = (f ◦ η)∗(x), for every
x ∈ X, that is, φ(f ∗) = (φ(f))∗.

Hence we see that φ is a homomorphism from A → A. Moreover we have
φ(φ(f)) = φ(f ◦ η) = f ◦ (η ◦ η) = f . It follows that φ2 = 1A.

The monadic operator defined here is ∃f = f ∨ φ(f) which, when evalu-
ated at x, gives (∃f)(x) = f(x) ∨ (φ(f))(x) = f(x) ∨ f(η(x)).

Theorem 4.3. Suppose that A = LX × A1 where L, A1 are arbitrary MV -
algebras. If X has more than one element, then A admits a non-trivial
monadic operator.

7
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5 Some representations for MMV-algebras

Let Ai, i ∈ I be MV -algebras, and let Â = Πi∈IAi. Let FI be the ideal in Â
consisting of all elements with finite support over I.

Lemma 5.1. Suppose that (A, ∃) is an MMV -algebra such that:
1) A is a subdirect subalgebra of Â,
2) πiA0 is an rc-subalgebra of Ai, where A0 = ∃A,
3) FI ⊆ A.

Then, for each i ∈ I, we have πiA0 is an mrc-subalgebra of Ai.

Corollary 5.2. Suppose that (A, ∃) is as in Lemma 5.1. Then for each
i ∈ I, for which Ai is linearly ordered we have πiA0 = Ai.

Corollary 5.3. Suppose that (A, ∃) is as in Lemma 5.1, with A0 locally
finite. Then for each i ∈ I, for which Ai is linearly ordered, we have A0

∼= Ai.

Corollary 5.4. Suppose that (A, ∃) is as in Lemma 5.1, with A0 finite,
locally finite, and for each i ∈ I, Ai is linearly ordered. Then A ⊆ AI

0.

Let A be an MV -algebra. Call A directly full over I if for some set
I ⊆ SpecA with

⋂
I = 0 we have FI ⊆ Â ⊆ ΠP∈IA/P , where Â ∼= A.

Restating the above results yields,

Theorem 5.5. Suppose that (A, ∃) is an MMV and A is directly full over
I. Suppose also that each πP A0 is an rc subalgebra of πP A. Then:

i) πP A0 is an mrc-subalgebra of A/P ;

ii) If A0 is locally finite then πP : A0 → A/P is an epimorphism;

iii) If A0 is finite, locally finite, then A ⊆ AI
0

Corollary 5.6. If (A, ∃) is a directly full, finite MMV -algebra with A0

linearly ordered, then A ∼= AI
0 for some finite set I.

Corollary 5.7. If A is a finite MMV -algebra with A0 linearly ordered, then
A ∼= AI

0 for some finite set I.

Suppose π : (A, A0) → (A′, A′
0) is an epimorphism where A0, A′

0 are mrc-
subalgebras and πA0 = A′

0. Let ∃, ∃′
be the respective induced monadic

operators. Then for each x ∈ A we have ∃′
πx ≤ π(∃x).
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6 Locally finite varieties of MMV -algebra

Let U be some class of algebras. By V(U) we denote the variety generated
by the class U .

From the variety MMV select the subvariety Kn for 1 ≤ n < ω, which
is defined by the following equation :

(Kn) xn = xn+1,

that is Kn = MMV + (Kn). From the variety Kn we select the subva-
riety MMVn which is defined in the following way:

MMVn = Kn + (Ln),

where (Ln) = {n(xj⊕(x∗⊕(xj−1)∗) = 1 : 1 < j < n and j does not divide n}.
Let us note, that if A ∈ Kn, then A ∈ MVm for some m ≤ n, where

MVm is the subvariety of the variety of all MV -algebras studied in [5].
More precisely MVm = MV + (Km) + (Lm). MVm is generated by the
linearly ordered simple MV -algebra Sm = (Sm,⊕,¯, ∗, 0, 1), which in turn
is the subalgebra of MV -algebra of the real unit interval [0, 1], where Sm =
{0, 1/m, . . . ,m− 1/m, 1} (0 6= m ∈ ω).

Note that we have an increasing sequence of subvarieties : K1 ⊂ K2 ⊂
K3 ⊂ . . .MMV.

Theorem 6.1.

MMV = V(
⋃
n∈ω

MMVn) = V(
⋃
n∈ω

Kn).

6.1 Monadic Operators on finite MV -Algebras

In this subsection we characterize all monadic operators over an arbitrary
finite MV -algebra. In other words we define all monadic operators which
can be exist on a finite MV -algebra.

One of the the characterization immediately follows from Theorem 3.11.
Another characterization of the ones is given below.

Let A = Sn1× . . .×Snk
be a finite MV -algebra which is a direct product,

k times, of the same finite MV -chain Sn. That means A is the MV -algebra
of all function from the set K = {1, . . . , k} to Sn. Assume that (A,∃) is a

9
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monadic MV -algebra (MMV -algebra). Then over the set K we can define
the following relation: for every i, j ∈ K

i ≈ j ⇔ h(i) = h(j)

for every h ∈ ∃A.
Of course ≈ is an equivalence over K and the restriction of h over any

equivalence class, π(i) is a constant function.

Claim 6.2. For every f ∈ A (∃f)(j) = supπ(i)f(j), for every i ∈ K, is a
monadic operator.

So, summarizing, we get: given a monadic MV -algebra (A, ∃) such that A
is a finite power A = Sn× . . .×Sn, k-times, of a finite MV -chain, then there
exists a partition π = {π(1), . . . , π(k)} of K, such that (∃)π(i)(fπ(i))(j) =∨

π(i)(fπ(i))(j).

And conversely, given A = Sn×. . .×Sn and a partition π = {π(1), . . . , π(k)}
of K, the map (∃f)(j) defined as above makes A a monadic MV -algebra.

Now we generalize the above result to an arbitrary finite MV -algebra.
Let A = Sn1 × . . . × Snk

and π = {π(1), . . . , π(k)} be a partition of K.
Then we say that π is homogeneous iff for every block π(i) of π, Snj

= Sni

for every j ∈ π(i).

6.2 Subvarieties of Kn

In this section we will describe all finite subdirectly irreducible monadic MV -
algebras from the variety Kn.

Since every finite totally ordered MV -algebra is simple, then any monadic
MV -algebra (A, ∃) with totally ordered ∃A is simple and, hence, subdirectly

irreducible. Let us denote by S
(m)
n the monadic MV -algebra (A, ∃) such that

A = Sm
n and ∃A is the diagonal subalgebra of Sm

n , which is isomorphic to
Sn. So we arrived to

Theorem 6.3. The only (up to isomorphism) finite subdirectly irreducible

monadic MV -algebras from Kn are S
(m)
n , m,n ∈ ω and m,n ≥ 1.

It is easy to prove the following

Lemma 6.4. (a) S
(i)
n is a subalgebra of S

(j)
n for i ≤ j.

10
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(b) S
(m)
i is a subalgebra of S

(m)
j iff Si is a subalgebra of Sj.

Let K
(m)
n be the subvariety of Kn generated by {S(m)

1 , . . . , S
(m)
n }.

As we see K1 is a variety of all monadic Boolean algebras. It is well
known that the lattice of subvarieties of K1 forms a chain of type ω : K

(1)
1 ⊂

K
(2)
1 ⊂ . . .K1.
A little more complicated situation we have for subvarieties of Kn for

n ≥ 2.
According to beforehand theorem and lemma it holds

Theorem 6.5. (a) K
(1)
n ⊂ K

(2)
n ⊂ . . .Kn, 2 ≤ n ≤ ω.

(b) K
(i)
n is a subvariety of K

(j)
n iff i ≤ j.

(c) K
(i)
n is a subvariety of K

(i)
m iff n ≤ m.

Let us consider the variety K1 of monadic Boolean algebras. Algebras
from the variety K1 are algebraic models of well-known modal system S5
which have been studied by many authors. K. Segerberg in [8] have given a
formula

Altm = ∀x1 ∨ ∀(x1 → x2) ∨ · · · ∨ ∀(x1 ∧ x2 ∧ · · · ∧ xm → xm+1)

which holds in subdirectly irreducible closure algebra iff it contains no more
than 2m elements. We adapt the formula for our case for axiomatization of
subvarieties of the variety Kn for n ≥ 2. Taking into account that S

(k)
1 is a

subalgebra of S
(k)
n for every k ≥ 2, the formula

Altnm = ∀xn
1 ∨ ∀(xn

1 → xn
2 ) ∨ . . . ∀(xn

1 ∧ xn
2 ∧ · · · ∧ xn

m → xn
m+1)

axiomatizes the variety K
(m)
n for m ≥ 2 inside of the variety Kn, i.e K

(m)
n =

Kn + Altnm.

6.3 Monadic operator on finitely generated free MV -
algebra

As well known n-generated free MV -algebra F (n) is isomorphic to a sub-
algebra of inverse limit of inverse system {Fi(n)}i∈Z+ , where Fi(n) is a free
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n-generated algebra over locally finite subvariety MV + (Ki) of the vari-

ety MV of all MV -algebras. Fi(n) ∼= S
vn(1)
1 × . . . × S

vn(i)
i [2], where vm(x)

is the function defined on the positive integers Z+ as follows: vn(1) = 2n,
vn(2) = 3n − 2n, . . ., vn(i) = (i + 1)n − (vn(i1) + . . . + vn(ik−1)), where
i1(= 1), . . . , ik−1 are all the divisors of i distinct from i(= ik). Let g1, . . . , gn ∈
F (n) (g

(i)
1 , . . . , g

(i)
n ∈ Fi(n), respectively) be the generators of F (n) (Fi(n),

respectively). To represent the generators more clear notice that the gener-

ator of S
v1(i)
i (i > 1) consists of all fractions with co-prime nominators and

denominators. For example the generator of S
v1(3)
3 is (1/3, 2/3), for S

v1(4)
4 is

(1/4, 3/4), for S
v1(5)
5 is (1/5, 2/5, 3/5, 4/5) and so on.

Theorem 6.6. There exists a monadic operator ∃ on n-generated free MV -
algebra F (n) converting the one into a monadic MV -algebra (F (n),∃).

Now we are ready to give a characterization of projective Heyting alge-
bras.

Theorem 6.7. n-generated subalgebra A of n-generated free MV -algebra is
projective if and only if A is mrc-subalgebra.

Now the question arises : is the monadic operator unique non-trivial on
n-generated free MV -algebra F (n)?

Conjecture. The monadic operator ∃ on 1-generated free MV -algebra
F (1) is unique non-trivial operator.
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An Implication in Orthologic

I. Chajda, R. Halas

Abstract: We involve a certain propositional logic based on an ortholattice.
We characterize the implication reduct of such a logic and show that its al-
gebraic counterpart is the so-called orthosemilattice. Congruence properties
of these algebras will be described.
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Structure of Commutative Cancellative

Residuated l-monoids in [0,1]
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It turns out that for many logical calculi (e.g. fuzzy logics or substructural
logics) the corresponding algebras of truth values form residuated l-monoids,
i.e., lattice ordered monoids endowed with a residuum. In this talk we will
concentrate on the structure of commutative cancellative residuated l-monoids
in the real unit interval [0, 1] because of the following two reasons.

In the paper [1], Esteva and Godo introduced so-called monoidal t-norm
based logic (MTL). Properties of this logic and its schematic extensions were
recently studied (see [2, 5, 6, 7]). One of the possible schematics extensions
is so-called ΠMTL introduced by Hájek in [5] and studied in [2, 6]. The cor-
responding algebras of truth values for ΠMTL are so-called ΠMTL-algebras
and they are exactly bounded commutative cancellative residuated integral
l-monoids. Moreover, it was shown in [6] that ΠMTL satisfies standard com-
pleteness theorem, i.e., the variety of ΠMTL-algebras is generated by ΠMTL-alg-
ebras in [0, 1]. Thus ΠMTL-algebras in [0, 1] as the generators of the whole
variety are the most important and the knowledge of their structure is more
desired.

The second reason is that the monoid operation of a ΠMTL-algebra in [0, 1] is
a left-continuous t-norms (for the definition of a t-norm see [8]). While the class
of continuous t-norms is completely characterized, the class of left-continuous
t-norms not at all. So far only construction methods for left-continuous t-norms
were published. In this talk we partially contribute to this characterization task
and give a characterization of the class of cancellative left-continuous t-norms.

We will mainly concentrate on the structure of subdirectly irreducible
ΠMTL-algebras in [0, 1], since they are more important as the generators of
the variety of ΠMTL-algebras. However, we will also deal with the rest. Since a
ΠMTL-algebra is a cancellative l-monoid, it is possible to embed it to an l-group

∗ The author was supported by the Grant Agency of the Czech Republic under projects
GACR 201/02/1540, 401/03/H047, and by Net CEEPUS SK-042.
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by forming fractions in the same way as we can construct the positive rational
numbers from positive integers. Then we can use Hahn’s embedding theorem
(see [3, 4]) and embed this l-group to a full Hahn group. The full Hahn group is
a group of functions from the set of convex subgroups to reals under addition.
Moreover, the supports of the functions (the regions where the functions are not
zero) are inversely well ordered (i.e., each subset has a maximum) w.r.t. the
order induced by inclusion of the convex subgroups. Thus it is possible to make
the full Hahn group totally ordered by lexicographic order. In the talk, we will
show how to select an arbitrary ΠMTL-algebra from the full Hahn group which
is order-isomorphic to [0, 1]. In this way, we obtain a characterization of the
structure of ΠMTL-algebras in [0, 1] and left-continuous cancellative t-norms
up to an isomorphism.
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On pseudo-BL algebras

Afrodita Iorgulescu

Department of Computer Science, Academy of Economic Studies,

Piaţa Romană Nr.6 - R 70167, Oficiul Poştal 22, Bucharest, Romania

E-mail: afrodita@inforec.ase.ro

(31 March 2004)

Abstract

Since a pseudo-BL algebra is a non-commutative residuated lattice satisfying pseudo-divisibility
and pseudo-prelinearity conditions, we first make the connection between non-commutative residu-
ated lattices and pseudo-BCK algebras and then we decompose the pseudo-divisibility and pseudo-
prelinearity conditions into other conditions. Thus, we obtain new classes of non-commutative resid-
uated lattices and we establish hierarchies between them.

Keywords pseudo-BCK algebra, pseudo-BCK(pP) lattice, non-commutative residuated lattice,
pseudo-BL algebra, pseudo-MTL algebra, pseudo-IMTL algebra, pseudo-WNM algebra, pseudo-NM
algebra
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[38] K. Iséki, A special class of BCK-algebras, Math. Seminar Notes, Kobe University, 5, 1977, 191-198.
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On the Structure of Rotation-Invariant Semigroups

S. Jenei

Abstract: Motivated by a geometrical characterization of rotation-invarian
semigroups (which is based on the notion of rotation-invariance) two con-
struction methods (called rotation and rotation-annihilation) of rotation-
invariant semigroups are introduced [2]. These constructions allow us to
construct a wide class of classical residuated lattices. The rotation construc-
tion plays a crucial role in the theory of perfect algebras, as shown very re-
cently in [1]. The above-mentioned geometrical characterization is extended
to the whole class of residuated lattices by introducing c-factors of a resid-
uated lattice. The notion of involutive elements are introduced, and some
related theorems are proved.

[1] F. Esteva, J. Gispert, C. Noguera, Perfect and bipartite IMTL-algebras
and disconnected rotations of basic semihoops, (in preparation)

[2] S. Jenei, On the structure of rotation-invariant semigroups, Archive
for Mathematical Logic, 42 (2003), 489-514.
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BASIC LOGIC ALGEBRAS AND LATTICE-ORDERED GROUPS
AS ALGEBRAS OF BINARY RELATIONS

PETER JIPSEN

Chapman University, Orange, California

Abstract: A residuated lattices of relations is a set of binary relations that is
closed under union, intersection, composition and residuals, and contains a relation
that is an identity element with respect to composition. The class RLR of all
algebras isomorphic to some residuated lattice of relations is properly contained
in the variety of distributive residuated lattices. RLR is a quasivariety, but it is
apparently an open problem whether it is a variety or whether it generates the
variety of all distributive residuated lattices.

It is shown that RLR contains the variety of all lattice-ordered groups (`-groups)
and all basic logic algebras (BL-algebras). The identity element of an `-group or BL-
algebra corresponds to the partial order relation rather than the diagonal relation,
and the collection of binary relations is not closed under relation converse. It is
interesting to note that, in contrast to the varieties of `-groups and BL-algebras, the
class RLR is not finitely axiomatizable. The construction shows that `-groups and
BL-algebras are subreducts of representable relation algebras with an additional
constant for the (possibly non-diagonal) identity relation.

If we add the union of all binary relations and the empty set to a residuated
lattice of relations, we again get a residuated lattice of relations. For `-groups we
give a simple equational basis for the variety generated by such bounded extensions
and discuss some general connections between bounded and unbounded residuated
structures.

We furthermore show that the finite members of the variety of representable
generalized BL-algebras are all commutative.
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SPLITTINGS REVISITED

Tomasz Kowalski
Research School of Information Sciences and Engineering

Australian National University
Canberra, Australia

In [1] we showed that the only splitting algebra in the variety of FLew-algebras is the two-element
Boolean algebra. FLew-algebras (called residuated lattices in [1] but the terminology has changed since)
can be viewed as algebras 〈A;∨,∧, ·,→, 1, 0,>,⊥〉 such that 〈A;∨,∧,>,⊥〉 is a bounded lattice, 〈A; ·,→, 1〉
is a residuated commutative monoid, and moreover the identities 1 = > and 0 = ⊥ hold. The variety of
FLew-algebras is the class of algebraic models logics without contraction, i.e., logics extending Full Lambek
Calculus with exchange and weakening—hence the name. If we do not require that the unit of the monoid
conincide with the top of the lattice, nor the zero element with the bottom, we obtain the variety of FLe-
algebras—algebraic models of logics extending Full Lambek calculus with exchange. One important member
of this class that does not belong to the former one is Linear Logic without exponentials.

Drawing on methods developed in [1] one can obtain the following partial result. Let V stand for the
variety FLe-algebras.

Theorem 1. If A is a finite si algebra in V such that 1 is not an atom, then A is not splitting in V .

Notice that since V is congruence distributive and generated by its finite members, the only candidates
for splitting algebras in V are finite si algebras. So, it may seem that splittings are rare. Unfortunately, we
also have:

Theorem 2. There are infinitely many finite simple FLe-algebras such that 1 is an atom.

Quite annoyingly, it is not even known whether the two element Boolean algebra is splitting in V .

Reference

[1] T. Kowalski and H. Ono, Splittings in the variety of residuated lattices, Algebra Universalis, 44 (2000),
283–298.

Residuated Structures & Many-valued Logics. Patras, June 2-5, 2004
37



Dually Residuated Lattice-Ordered Monoids

Jan Kühr

Abstract: Commutative dually residuated lattice-ordered monoids (DRl-
monoids for short) were introduced in the sixties as a common abstraction
of Abelian l-groups and Brouwerian algebras. It turns out that, e.g., well-
known MV-algebras are a special case of bounded commutative DRl-monoids.
We deal with non-commutative DRl-monoids which generalize l-groups and
non-commutative extensions of MV-algebras (pseudo MV-algebras/GMV-
algebras). We define the natural concept of an ideal and concentrate es-
pecially on the ideal lattices of DRl-monoids.
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Moisil possibility operators on (n + 1)-valued ÃLukasiewcz

BCK-algebras

Mart́ın Figallo

martinf@criba.edu.ar

Departamento de Matemática. Universidad Nacional del Sur. Argentina.

It is well-known that a (n+1)-valued ÃLukasiewcz BCK-algebra is an algebra

of type (2, 0) which satisfies the identities: • 1 → x = x, •x → (y → x) = 1,

• (x → y) → ((y → z) → (x → z)) = 1, • (x → y) → y = (y → x) → x,

• ((x → y) → (y → x)) → (y → x) = 1, • (xn → y) ∨ x = 1, where

x1 → y = x → y and xn+1 → y = x → (xn → y), for all integer n, n ≥ 1

(see [1],[2],[3]).

On the other hand, A. V. Figallo defined the modal (n+1)-valued ÃLukasiewcz

BCK-algebras (or mBCKn+1-algebras) as algebras 〈A,→, σ1, σ2, · · · , σn, 1〉,
where σ1, . . . , σn ar unary operations which satisfy some additional identities

(see [1]).

In this communication we describe a method to build σ2, · · · , σn from →
and σ1. This method is similar to the one indicated by W. Suchoń in [4]
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Residuation on weakly Heyting algebras

Félix Bou∗†
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Abstract

The variety of weakly Heyting algebras, or WH-algebras, was introduced in [1].
A weak Heyting algebra is an algebra 〈A,∧,∨,→, 0, 1〉 such that 〈A,∧,∨, 0, 1〉 is a
bounded distributive lattice and → is a binary operation satisfying the equations:

1. (x→ y) ∧ (x→ z) ≈ x→ (y ∧ z),
2. (x→ z) ∧ (y → z) ≈ (x ∨ y) → z,

3. (x→ y) ∧ (y → z) ≤ x→ z,

4. x→ x ≈ 1.

If we consider a modal algebra with ⊃ being the Boolean implication and define a→
b := �(a ⊃ b) then what we obtain is a weakly Heyting algebra. And from the
Priestley-style duality developed in [1] it is clear that every weakly Heyting algebra
is embeddable into one that is obtained from a modal algebra. That is, the variety
of weakly Heyting algebras corresponds to the strict implication reduct (also with
∧,∨, 0, 1) of the modal algebras (see [2] for the logical counterpart).

In the talk we will start giving a purely algebraic proof of the previous fact (cf. [3,
pp. 128–130]). Then, we will consider two new varieties in the language enlarged with
�. The variety of residuated weakly Heyting algebras, or RWH-algebras, is the one
obtained by adding:

5. x� (x→ y) ≤ y,

6. x ≤ y → (y � x),

7. x� (y ∧ z) ≤ x� y.

The members of this variety are exactly the weakly Heyting algebras such that the
law of residuation holds, i.e., a ≤ b → c iff b � a ≤ c for every a, b, c ∈ A. And we
also introduce the variety of Boolean residuated weakly Heyting algebras, or BRWH-
algebras, obtained from all the previous equations by adding:

8. (x ∧ y)� z ≈ x ∧ (y � z).

Then, it is possible to see that RWH 6= BRWH while both RWH and BRWH
are conservative expansions of WH. This is an easy consequence from the finite
embeddability property of these varieties. The law of residuation determines univocally
the operation � but it does not always exist, e.g., it is possible to give a complete WH-
algebra where it is not possible to define �. One of the laws that � satisfies over the
BRWH-algebras is the monotonicity in both components. However, all the following
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equations are not valid: x� y ≈ y � x, x� (y � z) ≈ (x� y)� z, 1� 1 ≈ 1, x� y ≤ y
and x ∧ y ≤ x� y.

Finally, I would like to point out that every BRWH-algebra is embeddable into a
RWH-algebra that admits Boolean implication, i.e., there is a certain binary operation
⊃ under which the lattice becomes a Boolean algebra. This justifies the name of
the variety. Thus it is easy to see that the equational logic associated with BRWH
corresponds to the local consequence defined by Kripke models where

M, w  ϕ� ψ iff M, w  ϕ and exists u ∈ R−1[w] such that M, u  ψ.
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Perfect and bipartite IMTL-algebras and disconnected
rotations of basic semihoops.

C. Noguera

Abstract: Involutive monoidal t-norm logic (IMTL) was defined by Es-
teva and Godo and was proved to be the logic of bounded residuated lattices
with prelinearity and involution, the so-called IMTL-algebras. It’s also the
logic of involutive left-continuous t-norms and their residua. In this talk the
concepts of perfect, bipartite and local algebra used in the classification of
MV-algebras will be generalized to the wider variety of IMTL-algebras. Per-
fect algebras turn out to be the algebras obtained from a basic semihoop by
Jenei’s disconnected rotation. We also will prove that the variety generated
by all perfect IMTL-algebras is the variety of the IMTL-algebras that are
bipartite by every maximal filter and equational axiomatizations for it will
be given.
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Points in cm-lattices

Jan Paseka

Abstract: An important notion introduced in the context of irreducible
representations of C* -algebras is the notion of prime element of a quantale.
In 2002, Kruml introduced the notion of a distributive quantale and proved
that any algebraic distributive quantale is spatial.

Motivated by this result, by the results of the present author and by the
work of Banaschewski and Erne in the context of two-sided quantales, we shall
generalize the corresponding ideas concerning prime elements and semiprime
ideals for arbitrary quantales and cm-lattices. In fact, it is precisely the lack
of two-sidedness that causes some difficulties.
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On the interval in the clone lattice
that contain a semiprojection

Jovanka Pantovic

Abstract: Semiprojection s is an n-ary operation on a finite set such that
s(x1, ldots, xn) = x1 if |x1, ldots, xn| < n, and near-projection lk is a semipro-
jection with lk(x1, ldots, xn) = xn for |x1, ldots, xn|geqn. There are continuum
many clones on a finite set A, |A| > 3, that contain a semiprojection s, and
infinitely many of them on a three element set. We describe all the clones of
operations on a three element set that contain l3 and show that their number
is countably infinite.
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∗-autonomous lattices and fuzzy sets

Francesco Paoli

Abstract: ∗-autonomous lattices are the algebraic models of subexponen-
tial linear logic without additive constants, and at the same time a plausible
solution (for the Abelian case) to Garrett Birkhoff’s well-known problem
suggesting to develop ”a common abstraction of Boolean algebras and l-
groups”. Examples include (term equivalent versions of) commutative Girard
quantales, De Morgan monoids, classical residuated lattices, MV-algebras,
Abelian l-groups. The subvariety of ∗-autonomous lattices satisfying a divis-
ibility condition turns out to be especially interesting. We shall indeed show:
1) how it is possible to extract MV-algebras out of divisible ∗-autonomous
lattices, generalizing Mundici’s Gamma functor; 2) how to describe those di-
visible ∗-autonomous lattices that are direct products of an Abelian l-group
and an MV-algebra; 3) that semisimple divisible ∗-autonomous lattices are
representable as algebras of real-valued functions, generalizing an analogous
result by Chang-Belluce for semisimple MV-algebras. The algebras of func-
tions mentioned under 3), moreover, turn out to have a nice intuitive in-
terpretation. The Chang-Belluce target algebras can be seen as algebras of
(characteristic functions of) fuzzy sets. Our target algebras can plausibly
be seen as algebras of (characteristic functions of) ”really fuzzy sets”, where
not only degrees of approximate membership are allowed, but also degrees of
definite membership.
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Fuzzy concepts as pointwise Galois connections

Andrei Popescu

Abstract: I propose a flexible way to build formal concepts within fuzzy
logic and set theory, by revisiting the very basic Galois connection underlying
a conceptual hierarchy. The framework is general enough to capture some
important particular cases, with their own independent interpretations, like
”antitone” or ”isotone” concepts constructed from fuzzy binary relations, but
also to allow the two universes (of objects and attributes) to be equipped
each with its own truth structure. Perhaps the most important feature of
this approach is that one does not commit to any kind of logical connector,
covering thus the case of a possibly non-commutative conjunction too.
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Univ. Bucharest,

Fac. of Mathematics,
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Adding involution to residuated structures

J. Raftery

Abstract:Two methods of embedding residuated structures into ones with
an involution operator will be discussed. Various applications will be given.
The constructions allow one to deduce the decidability of the equational
theory of commutative distributive residuated lattices from a result of R.T.
Brady concerning the logic RW. One of the constructions helps to show
that the variety generated by Grishin’s L0-algebras satisfies no nontrivial
idempotent Mal’cev condition.
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Functional representation theorems for monadic

n×m–valued ÃLukasiewicz algebras with negation

Claudia A. Sanza

csanza@criba.edu.ar

Departamento de Matemática. Universidad Nacional del Sur. Argentina.

Abstract

n×m–valued ÃLukasiewicz algebras with negation (or NSn×m–algebras)

were introduced by the author in [3]. These algebras constitute an ex-

tension of matrix ÃLukasiewicz algebras ([4]) and they coincide with

n–valued ÃLukasiewicz algebras ([2]) in the particular case m = 2.

By adding to NSn×m–algebras a unary operator which is called ex-

istential quantifier, monadic n×m–valued ÃLukasiewicz algebras with

negation (or MNSn×m–algebras) are introduced. This new class of

algebras represents a natural generalization of that of monadic n–

valued ÃLukasiewicz algebras ([1]). In this work, three functional rep-

resentation theorems for these algebras are given. From some of the

results established in [4], the first representation is described. A sec-

ond one is obtained by applying P. Halmos’s functional representation

for monadic Boolean algebras to the set of Boolean elements of an

MNSn×m–algebra. Finally, rich MNSn×m–algebras are introduced

and characterized, and a third representation for these algebras is ob-

tained.
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Direct decompositions of DR�-monoids
and GMV -algebras

Dana Šalounová

Department of Mathematical Methods in Economy, Faculty of Economy,
VŠB–Technical University Ostrava, Sokolská 33,

701 21 Ostrava, Czech Republic
e-mail: dana.salounova@vsb.cz

Commutative dually residuated lattice ordered monoids (DR�-monoids)
were introduced as a common generalization of abelian lattice ordered groups
(�-groups) and Brouwerian algebras. Moreover, e.g. MV -algebras and BL-
algebras, which are algebraic counterparts of the �Lukasiewicz infinite valued
propositional logic and Hájek basic fuzzy logic, can be considered as special
cases of commutative DR�-monoids. General DR�-monoids, not necessarily
commutative, involve not only arbitrary �-groups but also GMV -algebras
(called also pseudo MV -algebras) and pseudo BL-algebras.

We introduce inner direct decompositions of DR�-monoids, we describe
properties of their ideals which are direct factors, and characterize the sets
of all direct factors of DR�-monoids. The results are applicable to all above
mentioned special cases of DR�-monoids. Moreover, we engage in their spec-
ifying for GMV -algebras.
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Visser Algebras As Generalized Heyting Algebras

Wim Ruitenburg

Abstract: Visser algebras correspond with Albert Visser’s propositional
calculus of 1981, as Heyting algebras correspond with intuitionistic propo-
sitional calculus. We sketch some of the major properties of the category
of Visser algebras. Of particular interest is a decomposition result which
somehow measures how much a complete Visser algebra looks like a Heyting
algebra, modulo a quotient Visser algebra with explicit fixed points.
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Decidability for Knotted Extensions of

Propositional Linear Logic

C. J. van Alten
School of Mathematics, University of the Witwatersrand,

Private Bag 3, Wits, 2050, South Africa,
email: cvalten@maths.wits.ac.za

We consider propositional Classical Linear Logic (LL) extended by knot-
ted structural rules:

Γ, xn ⇒ y

Γ, xm ⇒ y
(n, m)

where n, m are integers, n ≥ 0, m ≥ 1, m 6= n and xn represents a sequence
of n copies of x. The simplest cases of knotted structural rules are weakening
(0, 1), contraction (2, 1) and mingle (1, 2).

Algebraic models for LL are classical linear algebras with storage, which
are commutative residuated lattices with bounds >, ⊥, a constant 0 and
identity (x → 0) → 0 = x (equivalently, ∼∼ x = x, where ∼ x = x → 0)
and a unary ‘storage operator’ !. If we extend LL by the rule (n,m) the
corresponding algebraic models must also satisfy xm ≤ xn. We show that
in each such case, the class of algebras has the finite embeddability property,
meaning that every finite partial subalgebra of an algebra in the class may be
embedded into a finite full member of the class. The finite model property,
and hence also decidability, for each knotted extension of LL follows. This
contrasts with the fact that LL is undecidable.

The method does not rely on the presence of 0 and so may also be used
to show that each knotted extension of Intuitionistic Linear Logic (ILL)
has the finite model property with respect to its algebraic semantics, and
is decidable. The storage operator ! is also not essential so results for the
exponent-free versions of LL and ILL also follow.
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On two fragments with negation and without implication

of the logic of residuated lattices

Félix Bou∗†, Àngel Garćıa-Cerdaña‡, Ventura Verdú∗
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{bou,verdu}@mat.ub.es
†Department of Philosophy
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Felix.Bou@uab.es

‡Institute of Investigation in Artificial Intelligence (IIIA)

CSIC (Spain)

angel@iiia.csic.es

Abstract

The logic of (commutative integral bounded) residuated lattices is known under
different names in the literature: monoidal logic [7], intuitionistic logic without con-
traction [1], HBCK [10], etc. It is usually given, up to definitional equivalence, in the
language 〈∨,∧, ∗,¬,→, 0, 1〉. In this talk we explain several results obtained in [4]
about the 〈∨, ∗,¬, 0, 1〉-fragment and the 〈∨,∧, ∗,¬, 0, 1〉-fragment of this logic.

As regards the algebraic aspects of this study, we introduce the notion of pseu-
docomplementation with respect to the monoidal operation ∗ (see [2] in the case of
∧). We then define two new classes of algebras: the class of commutative integral
bounded semilatticed pseudocomplemented monoids, denoted by CIBPMs`, and the
class of commutative integral bounded latticed pseudocomplemented monoids, denoted
by CIBPM`. We show that these classes of algebras are varieties whose quasiequational
theories are decidable. Their members are exactly the subreducts of the variety of resid-
uated lattices, i.e., every CIBPMs`-algebra and every CIBPM`-algebra is embeddable
into a (complete) residuated lattice. It can be seen that it is impossible to build this
embedding in such a way that all existing (infinite) joins are preserved. It is also true
that if the reduct of a residuated lattice is subdirectly irreducible in CIBPM` then it
is subdirectly irreducible as a residuated lattice, while the reverse implication is false.

As regards the logical aspects of this study, we introduce two sequent calculi:
FLew[∨, ∗,¬, 0, 1] and FLew[∨,∧, ∗,¬, 0, 1]. They are obtained from the well known
contraction-free calculus FLew (in the language 〈∨,∧, ∗,¬,→, 0, 1〉) [9]. The former,
FLew[∨, ∗,¬, 0, 1], is obtained by deleting the rules of additive conjunction ∧ and im-
plication → from FLew. And FLew[∨,∧, ∗,¬, 0, 1] results by deleting the rules of
implication → from FLew. It can be shown that CIBPMs` (CIBPM`) is the equiv-
alent variety semantics [11, 6] of the intuitionistic Gentzen system associated to the
sequent calculi FLew[∨, ∗,¬, 0, 1] (FLew[∨,∧, ∗,¬, 0, 1]). As a consequence, we have
that the variety CIBPMs` (CIBPM`) is an algebraic semantics, with defining equa-
tion p ≈ 1, for the external deductive system Se[∨, ∗,¬, 0, 1] (Se[∨,∧, ∗,¬, 0, 1]) asso-
ciated to FLew[∨, ∗,¬, 0, 1] (FLew[∨,∧, ∗,¬, 0, 1]). Moreover, we show a generaliza-
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tion of [8, Corollary 9]: Se[∨, ∗,¬, 0, 1] (Se[∨,∧, ∗,¬, 0, 1]) is the 〈∨, ∗,¬, 0, 1〉-fragment
(〈∨,∧, ∗,¬, 0, 1〉-fragment) of the logic of residuated lattices. Then, Se[∨, ∗,¬, 0, 1] and
Se[∨,∧, ∗,¬, 0, 1] are decidable. We also show that Se[∨, ∗,¬, 0, 1] and Se[∨,∧, ∗,¬, 0, 1]
are not protoalgebraic [3, 5], so there is no definable implication connective for them.
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[1] R. Adillon and V. Verdú. On a contraction-less intuitionistic propositional logic with
conjunction and fusion. Studia Logica, Special Issue on Abstract Algebraic Logic,
65(1):11–30, 2000.

[2] R. Balbes and P. Dwinger. Distributive lattices. University of Missouri Press, Columbia
(Missouri), 1974.

[3] W. J. Blok and D. Pigozzi. Algebraizable logics, volume 396 of Mem. Amer. Math. Soc.
A.M.S., Providence, January 1989.
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[6] A. J. Gil, A. Torrens, and V. Verdú. On Gentzen systems associated with the finite
linear MV-algebras. Journal of Logic and Computation, 7(4):473–500, 1997.
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Self-reference and interpolation in many-valued

logic: work in progress

Franco Montagna
Department of Mathematics and Computer Science

University of Siena

Famous paradoxes like the liar paradox and Löb’s paradox show that self-
reference is inconsistent with classical logic. On the other hand, in classical logic
one has interpolation, both in the form:
(A) ` A → B implies ` A → C and ` C → B for some C in the language
common to A and B
and in the form
(B) A ` B implies A ` C and C ` B for some C in the language common to A
and to B.
Note that the forms (A) and (B) are equivalent in classical logic.

Interestingly, both the proof of the liar paradox or of Löb’s paradox, as well
as the equivalence between (A) and (B) are related to structural rules, and
to contraction in particular. Hence both the paradoxes and the equivalence
of (A) and (B) are also derivable e.g. in Intuitionistic Logic. In ÃLukasiewicz
Logic, paradoxes are not derivable; moreover, self-reference does not give any
contradiction: indeed, any Mc-Naughton function in one variable (possibly with
parameters) is continuous from [0, 1] into [0, 1], therefore it has a fixed-point.
Adding the existence of a greatest fixed point and of a least fixed-point for any
McNaughton function we obtain a logic which is bi-interpretable in ÃLukasiewicz
Logic plus Baaz projection ∆ (where ∆(1) = 1 and ∆(x) = 0 for x 6= 1) plus
divisibility (this means: for all x and for every positive natural number n, there
is a least y such that y ⊕ ...⊕ y︸ ︷︷ ︸

n times

= x). Indeed, in this logic we can define all

piecewise linear functions on [0, 1] with rational coefficients, and the required
fixed points are of this form. Viceversa, both divisibility operators and ∆ can
be defined as greatest or least fixed points of suitable operators. (Warning: one
cannot iterate diagonalization, e.g., ¬∆(p) has no fixed-point).

Interestingly, ÃLukasiewicz Logic plus ∆ plus divisibility has interpolation of
both kinds (A) and (B). So, interpolation and self-reference are not incompati-
ble. Now one may wonder what happens with Hájek’s logic BL.

Even though I didn’t conclude my investigation yet, I could prove the fol-
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lowing results:

• While BL has no interpolation of the form (A), it has interpolation of the
form (B).

• Adding the existence of fixed-points for BL-formulas in one variable and
with one parameter only we obtain a conservative extension of BL, i.e.,
we do not prove new BL-formulas.

• However, the linearly ordered models of BL plus least and greatest fixed
points change: these models are ordinal sums of divisible MV-algebras
(thus they cannot have any product or Gödel component).

• BL plus fixed-points plus ∆ has interpolation of the form (A).

Open problems:

• Is ∆ definable in BL plus existence of least and greatest fixed points?

• Is BL plus existence of least and greatest fixed points for formulas with
more than one parameter conservative over BL?

• Is BL plus existence of least and greatest fixed points sufficient to get
interpolation in the form (A)?
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Composition on MV-algebras

Extended abstract

Brunella Gerla
Soft Computing Laboratory

University of Salerno

1 Introduction

In this talk we shall describe an extension of MV-algebras obtained by adding
an operator playing the role of composition of functions. It is well known that
elements of the Lindenbaum algebra of ÃLukasiewicz infinite-valued logic are Mc-
Naughton functions f : [0, 1]n → [0, 1] corresponding to propositions p. We shall
be concerned here, for simplicity, with the case n = 1. The question is if the
composition of functions has any ”logical” meaning and if the chaotic behavior
of the McNaughton functions has any interesting interpretation. The composi-
tion of McNaughton functions (for n=1) can be interpreted as substitution (in
propositional many valued logic) so it does have logical interpretation. This was
the starting point in considering the algebraic structures studied in this paper.
But these structures proved to be interesting for themselves as algebras of ”op-
erators”. The constructions presented here only for the case of MV-algebras can
be extended to many other interesting algebras of logic. Finally we notice that
similar problems were studied by Panti ([6]) in a different context.

References

[1] R. Cignoli, I.M.L. D’Ottaviano, and D. Mundici. Algebraic Foundations of
many-valued reasoning, volume 7 of Trends in Logic. Kluwer, Dordrecht,
2000.

[2] R. Dewaney, An introduction to chaotic dynamical systems, Addison and
Wesley, 1987.

[3] A. Di Nola, A. Lettieri. A finite equational characterization for all varieties
of MV-algebras, J. of Algebra, 221, 463-474 (1999).

[4] Peitgen, Jurgens, Saupe, Chaos and Fractals. New Frontiers of Sciences,
Springer Verlag, 1992

[5] D. Mundici, Interpretation of AF C∗-algebras in Lukasiewicz sentential
calculus, J. Functional Analysis 65 (1986), 1563.

[6] G. Panti, Generic substitutions, submitted.

[7] G. Pilz, Near-Rings, North-Holland Mathematical Studies 23, 1983.

1

Residuated Structures & Many-valued Logics. Patras, June 2-5, 2004


	ContribAbstracts.pdf
	ContribAbstracts.pdf
	ContribAbstracts.pdf
	F. Montagna
	M. Ardeshir
	I. Chajda
	Libor Behounek
	P. Cintula
	Esteva-Godo-Noguera
	Aldo Figallo
	Figallo-Landini-Ziliani
	Galatos-Ono
	Gispert-Torrens
	Belluce-Grigolia-Lettieri
	Chajda-Halas
	Rostislav Horcik
	Afrodita Iorgulescu
	S. Jenei
	Peter Jipsen
	Tomasz Kowalski
	Jan Kuhr
	Martin Figallo
	Felix Bou
	C. Noguera
	Jan Paseka
	Jovanka Pantovic
	Francesco Paoli
	Andrei Popescu
	J. Rachunek
	J. Raftery
	Claudia A. Sanza
	Dana Salounovova
	Wim Ruitenburg
	C. J. van Alten
	Bou,Garcia-Cerdana,Verdu
	Annika Wille
	Esko Turunen


	B. Gerla


